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Introduction

These notes extend the previous notes on counting. In particular, we
introduce the Lagrange inversion theorem and, for the asymptotic
analysis of integrals, the Laplace method. Our starting point is the
Lambert W function, defined as the multivalued inverse of the function

Z > ze®

for z € C (see Figure 1 for the real branches). In other words, it holds
that z = W(z)e"(?). Notice that while also using complex methods,
we mostly restrict our considerations to the real-valued branches of W
throughout these notes; see Corless et al. [3] for the complex case.

The W function tends to show up in unexpected circumstances. Let
us tackle the problem [8, 3] of solving x¥ = y* for positive and unequal
x,y € R. Indeed, taking roots leads to x1/x = yl/ Y, which means
that one wants to find two distinct points with the same value for
g(x) = x1/%; the function g is displayed in Figure 2. Writing z = g(x)
and exponentiating led Euler [5] to consider the power tower

h(Z) — Zzz _ Zh(z)’ (1)

where he found that the iterated exponential converges for e7¢ < z <
el/e. Given that the function converges, it is known that (1) admits a

solution in terms of W [4]. Indeed, taking logarithms, one gets that
W(—Inz)
—Inz

h(z) =

Before we continue with our investigations of further occurrences of
W, let us fix some notation. Indeed, formal power series

A(Z):ao+alz—|—a222+...: Zakzk/
k>0
2 k
z Z Z
B(Z):ao+alﬁ+azi+---:kg%)akH

in the indeterminate z (with real or complex coefficients) are called or-
dinary generating function (OGF) and exponential generating function
(EGF), respectively. We write [z"]|A(z) = a,. As is customary, i denotes
the imaginary unit.

We start by counting trees.
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Figure 1: The two real branches of W (x).
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Figure 2: The function g(x) = x/*.
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Rooted trees with labelled nodes

Recall that a rooted tree is a tree with one node designated as root. A
tree is labelled if to every of the n nodes there is an associated label
uniquely identifying the node. With these conventions, let ¢, be the
number of rooted trees on n labelled nodes. Then, the exponential
generating function corresponding to ¢, is known [10] to satisfy the
functional equation’

k
z
T(z) =) K 0= zeT(?),
which in terms of W is expressed as T(z) = —W(—z).
Our first goal is to find a closed form for the ¢,-s, for which we use
the following fundamental result.

Theorem 1 (Lagrange inversion formula; LIF). Let ¢ be holomorphic in a
neighborhood of the origin with ¢(0) # 0. Then there exist a,b > 0 such that
for |w| < a, the equation

w=2z/¢(2) ©)

has exactly one solution z = z(w) with |z| < b. The function z(w) is
holomorphic in |w| < a and is given by

1 dk-1

z(w) = k;ckwk, %=1 W(‘P(Z)k)

z:O'

Moreover, if f is holomorphic in a neighborhood of the origin, then for |w|
sufficiently small,

k 1 d! / k

f(z(w)) = f(0) + ) dpw", dy = o %(f (2)p(2)")

k>1

z:O'

Our proof follows Wilf [13, Theorem 5.1.1], considering holomorphic
functions instead of formal power series.

Proof (of Theorem 1). We prove the second part of the statement. The
first part then follows by considering f(z) = z. To start, notice that by
the inverse function theorem, z = z(w) exists and is holomorphic in a

sufficiently small neighborhood of the origin, as w’(0) = 1/¢(0) # 0.

*See Sedgewick and Flajolet [11] and Fla-
jolet and Sedgewick [6] for an ‘automatic’
method to derive results of this and simi-
lar problems.
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Using these observations, we have the chain of equalities

kdy = [ZF1{f (2)9(2)*} (extracting coefficients)

=G z/w '} (by (2))

=z _1] {fz / wk}
27'(1 / f ( (residue formula)
= [w *’ff (2(w)) # (w) dwo (set z = 2(w))

= [w*]{w(d/ dw)f(z(w))} (Cauchy integral formula)

= k[w"] f(z(w)),

which gives the statement upon dividing by k. O

With the above result in place, we notice that if ¢ and f are formal
power series and ¢(0) # 0, there exists a unique formal solution to
(2) in terms of a power series. The coefficient identity follows by
applying Theorem 1 to the formal series of ¢ and f, truncated at a fixed
k > 0, which is possible as the resulting polynomials are entire, and by
noticing that terms of degree exceeding k do not influence the result.

The application of the LIF to the functional equation for enumerating
rooted labelled trees T(z) = ze(?) (by setting ¢ (1) = e*) yields that

) [u" 1 {p(u)"}
= (1/n)[u" 1] {e™}

7l

—
N
=
[
H
—~
N
~—
| |

= (/M) =i
n—1
T
Hence,
tn _ nl’l*l
nt ol
and t, = n"~1, a result already known to Cayley [2] in 1889.

Together with the facts that Wy(z) is analytic? at z = 0 and that >As F(z) = ze® satisfies F(0) = 0 and

. . ! — 1 ‘-
W(z) = —T(—z), the above derivation implies the series expansions F/(0) =1 70, the existence of a holomor
phic local inverse around 0 is guaranteed

by the inverse function theorem.

zk 3, 8 125 -
kl 74 e
T(z) = I<>Zlk G =2tE 452 3zt oz S,
k
vy k1% 2 33 8,4 125 5
Wo(z) = )_(—k) iR e i v

k>1

around z = 0.
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Birthday problem 1

Our next step is tackling two famous flavours of the birthday problem,
which allows us to recall and introduce some asymptotics. The first
one is as follows.

What is the least number of persons required if the probability exceeds %
that two or more of them have the same birthday? (Year of birth need
not match.)

—Mosteller [9, Problem 31]

The solution to this puzzle is well known. For some generality, let
us assume that a year has n days and let us compute the probability
of having a repetition in d uniform draws from {1, ...,n} with replace-
ment. We then find d such that the probability exceeds 3. Thinking in
terms of complements, we get
nn—1 n—-d+1
e -
nn—1)---(n—d+1)

7

Pr(no repeats after d draws)

nd

notice that for d > n the product is zero.3 Hence,

Pr(at least one repeat in d draws) = 1 — Pr(no repeats after d draws)
nn—1)---(n—d+1)

=1-—
nd

7

and, after some experimentation, one finds that for n = 365, taking at
least d = 23 suffices for the probability to exceed 3.

To approximate the solution, we use that the series expansion of the
exponential function

e *=1-x+0(x*) (0<x<1)

implies that 1 — x = e~* + O(x?). Using this fact* and rewriting the
complement yields

Pr(no repeats after d draws) = <1 — 1) e (1 _d- 1>

n n
_ () L o)
= @D/ 4 O /).

Now setting e~4(4=1)/(2n) — 3 and n = 365 gives d ~ 22.9999, which
reproduces that at least d = 23 persons are needed.

Birthday problem 2

After this warm-up, we are ready to tackle a second flavour of the
birthday problem.

3 A fact also implied by the pigeonhole
principle.

4 More specifically, we are using that ev-
ery X = k/n satisfies 0 < x; < 1 and
that there exists an absolute M > 0 such
that 0 < e — (1 — x;) < MxZ.
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What is the expected number of persons it takes in order to find two
having the same birth date (when the year has n days!)?

—Flajolet et al. [7, p. 105]

Again, we model this problem as drawing uniformly with replace-
ment from a set {1,...,n}, but now ask what the expected number of
draws until a repetition is. We have

expected number of draws = ) _ k Pr(first repetition in k-th draw),
k>1

and the only challenge is computing the probabilities in the sum. We
illustrate the situation in Figure 3 for n = 3. In this case, denoting by
Ay the event “first repetition in k-th draw”, we compute

3
Pr(A;) =0, Pr(Az) = 7
12 18
Pr(Az) = 3 Pr(Ag) = 3

and notice that all other Pr(Ay)-s are zero. Now multiplying each
Pr(Ay) by k and summing yields an expected number of draws of
% ~ 2.89.

We next address the general case. Indeed, let f; and ¢} be the number
of repeated and non-repeated nodes at depth k, that is, after k draws
from {1, . ..,n}, respectively. Every non-repeated node at depth k
corresponds to a unique sequence of k distinct elements and has n
children, of which k are repeats and n — k are non-repeats. Hence,

th =1, teor = (n—k)ty, and teir = kit
In particular, t; = n(n—1)--- (n—k+1). Combining the above, we

find that

frea1

expected number of draws = Z k t—’; = Z (k+1) g

2<k<n+1 N 1<k<n

which we simplify next. Indeed, recall that for any sequences (ay ) and
(bx)x summation by parts gives

N N
Y ap (b — b)) = (ambm — anp1bnir) + Y by (@1 — ag).

k=m k=m
. # . . . .
Setting ay = k+1, by = n—’;, m = 1,and N = n in this expression, noting
k t
n

that by =1 and b, 11 = 0, and using % = & = bx — bryq shows

t n—1 n—1n-2
Y (k1) =24 +
1<k<n n n n n

=1+ ), W:HQ(@,

1<k<n

cont.
STOP

Figure 3: Drawing with replacement
from n = 3 items until an item repeats.
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where

Qn) = ). m

1<k<n
denotes the Ramanujan-Knuth Q-function.
We next introduce the Laplace method, which we afterwards apply
to analyse the asymptotic behaviour of Q(n) as n — oo.

Laplace method

The Laplace method for the asymptotic analysis of integrals deals with
the behaviour as t — co of integrals of the form

I(t) = /oo ¢(x,t)dx

—00

where x — ¢(x,t) has a peak whose neighborhood is the main con-

tributor to the integral.> The idea is then to approximate ¢ by simpler 5 Integrals over intervals fit into this set-
ting by setting ¢ to zero outside of the
. interval, so that the perspective is suffi-
lntegral [1]. ciently general.

To illustrate the idea, following essentially Stein and Shakarchi [12

functions in this neighborhood, which allow the evaluation of the

A dix A], id ]
ppendix A], we consider 54— o
I(t) = /0 e P(x)dx, 5 10 //
o /
and assume that @ and  are real-analytic on [0, o), ®(0) = ®'(0) =0, 05 - /
®"(0) >0, > 0on [0,00), infy>e P(x) > 0 for every € > 0, and L ¢
00 0.0 T T
/ e 0Py (x) dx < oo (3)
0

for some ty > 0. Figure 4 illustrates the situation.
As ® is real-analytic with ®(0) = ®’(0) = 0 and ®”(0) > 0, we get

o) = T g0,

where g is real-analytic on [0, 00) with g(0) = 1, in particular, g(x) =

1+ O(x) as x — 0. By continuity of g and ®”, there exists € > 0 such X
that ¢ > 0 and ®” > 0 on [0, €]; in particular, &' > 0 on (0, €], since Figure 4: Top: <I>( ) = x—In(1+x)
®’(0) = 0. We split the integral (solid) and ¥J%2? (dashed). Bottom:

e y(x) for p(x) =1/(1+x).
100 = [[eWpx) dxt [T OO dr = h(1) + L),
and treat both terms separately.

For the second term, let ¢ := infy> ®(x) > 0. Fort > tgand x > €
we have

eit(b(x) — ei(tito)q)(x) eitoq:‘(x) S ei(titﬂ)c €7t0q>(x),
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since t —ty > 0 and ®(x) > c. As p > 0, it follows with (3) that
L(t)=0(e) (t — o0).

To obtain a known integral, we substitute

u(x):—x,/g(x)—\/qu;((g;, 0<x<e,

O(x) = q’”z(o) w(x)2.

Since g is real-analytic and positive on [0, €], u is real-analytic there,
with #(0) = 0 and u’(0) = 1/g(0) = 1. For 0 < x < ¢, differentiating

wuz = @ gives

so that

€Y

-~ 2"(0)u(x)
Hence u is a strictly increasing bijection from [0, €] onto [0, ], where
d:=u(e) >0,and u/ > 0 on [0, €]. By the inverse function theorem, its
inverse x = x(u) is real-analytic on [0, 6] with x(0) = 0 and x/(0) = 1.
Substituting x = x(u) in I; yields

u'(x) > 0.

Ii(t) = /0.(5 e_tw”2 G(u) du, G(u) = ¢ (x(u)) x'(u).

The function G is real-analytic on [0, 6] and by Taylor’s theorem on the
compact interval [0, 4],

N-1
G(u) =Y apu* +0uN)  uniformly for 0 < u <,
k=0
with a9 = ¢(0). Write A := ®”(0) /2. Inserting this into I; and exchang-
ing the finite sum with the integral gives

N-1 k) )
L(t) =) ax Mk(t) + O(Mn(1)), M (t) ::/0 e M uk du,
k=0

The M are truncated moments of a half-Gaussian. For the full mo-
ments, with the substitution v = Atu?, we get

k+1

o0 0 T
/ e MRk qy — #/ e ? vk%l_l dov = (7
0 2(At)z 70

Extending the integration interval from [0,4] to [0,00) incurs only a
negligible error. Indeed, for t > 1,

R PR A1) [Tk iy
e utdu <e e udu:O(e ),
5 0

7
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so that

N+)

In particular, My(t) = O(t~ 2
we obtain for every N > 1

Combining this with L (t) = O(e™¢"),

N-1  T(KL
ww:2@<i2+00@0 (t = ),
k=0 2(At)z
which has the first term ¢(0)+/7t/ (29" (0) t). Note that the asymptotic

expansion holds for each fixed N; the full series is in general divergent.

Asymptotic analysis

We now use the result of the previous section to analyse the Q-function
showing up in the second birthday problem. As already observed by
Ramanujan, it holds that

mmzﬂﬁyﬁ+1flmﬁ @

Indeed, expanding by the binomial theorem and using
I(z+1) = / sfe % ds, Re(z) > —1,
J0

together with T'(j + 1) = j! for every nonnegative integer j ° the right-
hand side of (4) equals

¥ <" - 1) . e (_”1__1]?)!! = Qn),

j=0 ) n j=0

Substituting v = nx in (4) yields
Q) =n [T e (1t dv = [T e SX
0 0

1+x

h
where 1

P(x) =x—In(1+x), P(x) = T v

and [ is as in the previous section.”

Notice that @ and ¢ satisfy the assumptions of the previous section:
both are real-analytic on (—1,00), ®(0) = ®'(0) =0, ®”(0) =1, >0,
@' (x) = 75 > 0 for x > 0, so that inf,> P(x) = € —In(1+¢€) >0,
and (3) holds with ty = 1, since e=®™®y(x) = e~*. Hence, by the

Laplace method,
/ T
q> T (n — o0)

© A result easily obtained through inte-
gration by parts and induction.

7Curiously, the Lambert W function
shows up again: substituting v = ®(x),
ieex=-1—-—W_ (fe’l”’), one gets

o0 e*ﬂv
Q(n) = —n/o W (e ) do.
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To obtain further terms, we need the coefficients a; of G. As u(x) =

x/g(x), by LIF

k+1
0= 90 (1) = v g
In our case,
20 2 2
g(x) = x(zx) —1-Z+540(%),  px) =1-x+2+0(),
and thus, by the binomial series,
-1 2x 2 -3/2 x? 3
g(x) :1+?+O(x ), g(x) :1+x+ﬁ+O(x ).
This yields
ap=1 a1 = —1 a = i
0o— 4 1 — 3/ 2 — 12

With A = J, the k-th term of the expansion of I(n) is seen to be
ay 29T (%) n='5 Taking N = 3 and multiplying by n, we obtain

Q(n)=\/?—;+112\/2+o<i> (n = o),

so that the expected number of draws until the first repetition is

1+Q(n)—\/?+§+o<\}ﬁ> (11— o).
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