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Chance occurrence

‘ C First of all, denoting by W the smallest branch of the
Lambert's W function on ]|—e™*,0[ (Weisstein 2002), the
condition on the sub-sample size m can also be expressed as
m > —W(—=4d/c)c with ¢ = max(67, 12K2HC||Z(1H)) and
can easily be checked on a computer.

— Chatalic et al. (2022, p. 3010)




W rediscovered
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Abstract. The Lambert W function is defined to be the multivalued
inverse of the function w— we®.



The Lambert W function is the
multivalued inverse of

z > ze?, zeC,
that is,

z=W(z)e"®,

(Corless et al. 1996)
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The two real branches of W(x).
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Rooted trees with labelled nodes

» t,: number of rooted trees on n labelled
nodes (Pdlya 1937)
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» In terms of W:




Lagrange inversion formula (LIF)

Theorem (Lagrange inversion formula; LIF; Wilf 2006, Thm. 5.1.1)

Let ¢ be holomorphic in a neighborhood of the origin with ¢(0) # 0. Then there exist a,b > 0
such that for |w| < a, the equation

w=z/¢(2)
has exactly one solution z = z(w) with |z| < b. The function z(w) is holomorphic in |w| < a
and is given by

dk—l
z(w) = Z cw, Cx = % pry (¢(z)k)

k>1

z:d
Moreover, if f is holomorphic in a neighborhood of the origin, then for |w| sufficiently small,

(ew)) = FO) + Y dhwt, de= =L (Fl)o(z))

k>1

z:d



Series expansions of T and W

ty =n""1  (Cayley 1889; Pélya 1937)
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Birthday problem 1

C C What is the least number of persons required if the
probability exceeds % that two or more of them have the
same birthday? (Year of birth need not match.)

— Mosteller (1987, Problem 31)




Birthday problem 2

C C What is the expected number of persons it takes in order to
find two having the same birth date (when the year has n
days!)?

— Flajolet et al. (1995, p. 105)




Birthday problem 2

draws
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Drawing with replacement from n = 3 items until an item repeats: (O new item [] repeated item



A helper

N N
> ak (bk = bir1) = (ambm — an1bni1) + D bir (akr1 — ax)
k=m

k=m



Ramanujan—Knuth Q-function

n!
Q)= (= k)

1<k<n

(Knuth 1997; Flajolet et al. 1995)



Laplace method
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d(x)=x—In(14+x), ¥(x)=1/(1+x)



What we are shooting for

With X := ®”(0)/2, u(x) := 1/2®(x)/®"(0) with inverse x(u), and

N-1

G(u) == (x(u)) X' (v) = aeu* + O(uN),
k=0
N—1
I(t) = ak F(%tzl +O<t‘N2ﬂ> (t — 0),

where



Asymptotic analysis

1. Q(n):/oooe_y(lJrn



Asymptotic analysis

1. Q(n) = /OOO e_y(l + %)nildy

2 Q(n) = ni(n) with ®(x) = x — In(1 +x), (x) = —

1+ x




Asymptotic analysis

1. Q(n) = /000 e_y(l + %)nildy

2 Q(n) = ni(n) with ®(x) = x — In(1 +x), (x) = —

1+ x

3. Q(n) ~ %” (n — o0)



Asymptotic analysis

1. Q(n):/ooo e—Y(1+%)de

2 Qn) = ni(n) with ®(x)=x —In(1+x), (x) = 1ix
3.Qn ~ 5 (n—>x)

oL T ofl) o



Asymptotic analysis

1. Q(n) = /000 e_y(l + %) nildy

2. Q(n) = nl(n) with ®(x)=x—In(1+x), W(x) = 1ix
3. Q(n) ~ %” (n — o0)
4. Q(n) = %”—%+é 21”+o(1) (n = o0)

5. Expected number of draws until the first repetition:

1+Q(n):\/?+§+0(\%) (n— o)
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Appendix: Complex analysis

Theorem
A holomorphic function in an open disc has a primitive in that disc.



Appendix: Complex analysis

Theorem
A holomorphic function in an open disc has a primitive in that disc.

Theorem (Cauchy's theorem for a disc)
If f is holomorphic in a disc, then

/ﬂawzo

for any closed curve «y in that disc.



Appendix: Complex analysis

Theorem (Cauchy integral formula)

Suppose f is holomorphic in an open set that contains the closure of a disc D. If C
denotes the boundary circle of this disc with the positive orientation, then

_% CC—Z

d¢ for any point z € D.



Appendix: Complex analysis

Theorem (Cauchy integral formula)

Suppose f is holomorphic in an open set that contains the closure of a disc D. If C
denotes the boundary circle of this disc with the positive orientation, then

_% CC—Z

d¢ for any point z € D.

Corollary

If f is holomorphic in an open set €, then f has infinitely many complex derivatives in
Q. Moreover, if C C S is a circle whose interior is also contained in €2, then

n n! f

for all z in the interior of C.



Appendix: Complex analysis

Theorem (Residue formula)

Suppose that f is holomorphic in an open set containing a circle C and its interior,
except for a pole at zy inside C. Then

/ f(z)dz =2mi res,y f.
C
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